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1 N(t) t

N(0) = 0

1 n (0,∞) n 0 < u1 < u2 < · · · < un

N(u1), N(u2)−N(u1), · · · , N(un)−N(un−1).

2 s, t ≥ 0 N(t+s)−N(t) t

n ∈ N P (N(t+ s)−N(t) = n) = P (N(s)−N(0) = n) = P (N(s) = n)

3 t ≥ 0 [t, t+Δt) 2

o(Δt) (Δt → 0)

[1] [2]

μ

t n Pn(t)

Pn(t) =
(μt)n

n!
e−μt (1)

μ 2

t n

(2μt)n

n!
e−2μt (2)

2μ

2 2

2.1. (A) μ 2 n 1

t

2n ∫ t

0

2μ

(
1−

n−1∑
k=0

Pk(s)

)
Pn−1(s)ds

En =
n

μ

(
1 +

2nCn

4n

)
(3)

2
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t ≥ 0 m ∈ N Δs = t/m, sl = lΔs (l = 0, 1, 2, . . . ,m)

sl
n − 1 [sl, sl + Δs) 1

3

2

(
1−

n−1∑
k=0

Pk(sl)

)
Pn−1(sl)μΔs+ o(Δs).

t

lim
m→∞

m−1∑
k=0

{
2μ

(
1−

n−1∑
k=0

Pk(sl)

)
Pn−1(sl) + o(1)

}
Δs =

∫ t

0

2μ

(
1−

n−1∑
k=0

Pk(s)

)
Pn−1(s)ds.

∫ ∞

0

2μ

(
1−

n−1∑
k=0

Pk(s)

)
Pn−1(s)ds = 1 (4)

A

∫ ∞

0

t× 2μ

(
1−

n−1∑
k=0

Pk(s)

)
Pn−1(s)ds =

n

μ

(
1 +

2nCn

4n

)
.

�

2.2. (B) μ 2 2n

t ∫ t

0

2μ2e−μs

{∫ s

0

(2μu)2n−2

(2n− 2)!
e−μudu

}
ds

Fn =
2n+ 1

2μ
(5)

t ≥ 0 m ∈ N Δs = t/m, sk = k Δs (k = 0, 1, 2, . . . ,m)

sk mk ∈ N Δu = sk/mk, ul = l Δu (l = 0, 1, 2, . . . ,mk)

ul 2n− 2 [ul, ul +Δu) 2n− 1

3 (2)

(2μul)
2n−2

(2n− 2)!
e−2μul · 2μΔu+ o(Δu)
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sk
1 (1) [ul, sk] 0

2

(2μul)
2n−2

(2n− 2)!
2μe−2μulΔu · e−μ(sk−ul) + o(Δu)

[sk, sk +Δs)

(2μul)
2n−2

(2n− 2)!
2μe−μ(sk+ul)Δu · μΔs+ o(Δs)O(Δu) + o(Δu)O(Δs)

sk 2n − 1 [sk, sk + Δs) 1

2μ2e−μskΔs

mk−1∑
l=0

{
(2μul)

2n−2

(2n− 2)!
e−μul + o(1) (Δs → 0) + o(1) (Δu → 0)

}
Δu (6)

(6) mk → ∞

2μ2e−μskΔs

∫ sk

0

(2μu)2n−2

(2n− 2)!
e−μudu+ o(Δs)

t P (T ≤ t)

P (T ≤ t) = lim
n→∞

m−1∑
k=0

{
2μ2e−μsk

∫ sk

0

(2μu)2n−2

(2n− 2)!
e−μudu+ o(1)

}
Δs

=

∫ t

0

2μ2e−μs

{∫ s

0

(2μu)2n−2

(2n− 2)!
e−μudu

}
ds

=22n−2

[
2− 2e−μt −

2n−2∑
k=0

{
1

2k
− e−2μt

k∑
l=0

(μt)k

2k−lk!

}]

limt→∞ P (T ≤ t) = 1

∫ ∞

0

t
d

dt
P (T ≤ t)dt =

∫ ∞

0

t× 2μ2e−μt

{∫ t

0

(2μs)2n−2

(2n− 2)!
e−μsds

}
dt =

2n+ 1

2μ

�

3

(3) (5) n En ≥ Fn n = 1

En Fn n = 1

2

En − Fn ∼
√

n
π

(n → ∞) [4, p340, 2] n
√
n
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A (4)

∫ ∞

0

2μ

(
1−

n−1∑
k=0

Pk(s)

)
Pn−1(s)ds = 2− 1

2n−1

{
n−1∑
k=0

n+k−1Ck

2k

}
= 2− 1

2n−1
Sn−1.

Sn = 2n nCk = n−1Ck + n−1Ck−1 (k ≥ 1)

Sn =
n∑

k=1

n+kCk

2k
+ 1 =

n∑
k=1

n+k−1Ck

2k
+

n∑
k=1

n+k−1Ck−1

2k
+ 1

=
n∑

k=1

n+k−1Ck

2k
+ 1 +

1

2

n−1∑
k=0

n+kCk

2k

=
n−1∑
k=0

n+k−1Ck

2k
+

2n−1Cn

2n
+

1

2

n∑
k=0

n+kCk

2k
− 1

2
2nCn

2n

=Sn−1 +
1

2
Sn.

S0 = 1 Sn = 2n.
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